$BC_n$型ジャクソン積分と`基本'対称式(組合せ論的表現論の世界) by 伊藤, 雅彦
Title$BC_n$型ジャクソン積分と`基本'対称式(組合せ論的表現論の世界)
Author(s)伊藤, 雅彦














$q$- ( ) ,
. – (very-)we -poised
$q$- $2r\psi 2r$ (Bailey $6\psi_{\epsilon}$ , Sears, Slater
[14, Chapter 5] $)$ $BC_{n}$
.
, – . , $BC_{n}$
,
, Macdonald [20]. (B
Macdonald-Koornwinder ) , –
, . $0<q<1$
, $(x)_{\infty}:= \prod_{i=0}^{\infty}(1-q^{i}x)$ , (x)v:=(x)\infty \infty /(qvx)\infty .
2 $BC_{n}$
2.1
$(\mathbb{C}^{*})^{n}$ $z=(z_{1}, z_{2}, \ldots, z_{n})\in(\mathbb{C}^{*})^{n}$ , $\nu=(\nu_{1}, \nu_{2}\ldots, \nu_{n})\in \mathbb{Z}^{n}$
$q$ $zarrow q^{\nu}z$ : $q^{v}z:=$ ( $q^{\nu_{1}}z_{1},$ $q^{\nu_{2}}z_{2},$ $\ldots$ , qvnzn)\in (C n.




$s$ $-1$ , $\ell$ . $z=(z_{1},$ $z_{2},$ $\ldots$ ,z\sim \in (C*
, $\Phi_{B_{*}},(z),$ $\Delta_{G_{n}}(z)$ :
$\Phi_{B_{n}}(z)$ $:=$ $\prod_{m=1}^{2s+2}\prod_{i=1}^{n}z_{i}^{1/2-\alpha_{m}}\frac{(qa_{m}^{-1}z_{i})_{\infty}}{(a_{m}z_{i})_{\infty}}\cross$
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$\cross\prod_{\mathrm{r}=1}^{\ell}\prod_{1\leq j<k\leq n}z_{j}^{1-2\tau_{\tau_{\frac{(qt_{r}^{-1}z_{j}/z_{k})_{\infty}}{(t_{r}z_{j}/z_{k})_{\infty}}\frac{(qt_{r}^{-1}z_{j}z_{k})_{\infty}}{(t_{r}z_{j}z_{k})_{\infty}}}}}$ ,
$\Delta_{C_{n}}(z)$ $:=$ $\prod_{i=1}^{n}\frac{1-z_{i}^{2}}{z_{i}}\prod_{1\leq j<k\leq n}\frac{(1-z_{j}/z_{k})(1-z_{j}z_{k})}{z_{j}}$.
$q^{\alpha_{m}}=a_{m},$ $q^{\tau_{\mathrm{f}}}=t_{r}$ . $(-1)^{n}\Delta_{C_{n}}(z)$ $C_{n}$ .
2.1 $\xi\in(\mathbb{C}^{*})^{n}$ $(\mathbb{C}^{*})^{n}$ $\varphi(z)$ ,
$\int_{0}^{\xi\infty}\varphi(z)\Phi_{B_{\hslash}}(z)\Delta_{C_{n}}(z)\varpi_{q}$ $( \varpi_{q}=\frac{d_{q}z_{1}}{z_{1}}\wedge\cdots\wedge\frac{d_{q}z_{n}}{z_{n}}k\text{ _{}\mathrm{r}}^{\Xi}\mathrm{B})$
$BC_{n}$ , $\langle\varphi, \xi\rangle$ .




$|a_{1}a_{2}\ldots a_{2s+2}(t_{1}t_{2}\ldots t_{\ell})^{n+i-2}|>q^{\epsilon+1+(n+i-2)/2}$ for $i=1,2,$ $\ldots,$ $n$
$\{$
$a_{m}\xi_{i}\not\in\{q^{l} ; l\in \mathbb{Z}\}$ for $1\leq i\leq n,$ $1\leq m\leq 2s+2$ ,
$t_{i}\xi_{j}/\xi_{k},$ $t_{i}\xi_{j}\xi_{k}\not\in\{q^{\iota} ; l\in \mathbb{Z}\}$ for $1\leq i\leq\ell,$ $1\leq j<k\leq n$
$\langle 1, \xi\rangle$ [17].
2.3
$BC_{n}$ $\langle\varphi, \xi\rangle$ $[16, 18]$ :
2.2 $(\mathbb{C}^{*})^{n}$ $\Theta(z)$ :
$\Theta(z):=\prod_{i=1}^{n}\frac{z_{1}^{\epsilon}\theta(z_{1}^{2})}{\prod_{m=1}^{2\epsilon+2}z_{1}^{\alpha_{m}}\theta(a_{m}z_{i})}..\cdot\prod_{1\leq j<k\leq n}\frac{z_{j}^{\ell-1}\theta(z_{j}/z_{k})\theta(z_{j}z_{k})}{\prod_{r=1}^{\ell}z_{j}^{2\tau_{f}}\theta(t_{r}z_{j}/z_{k})\theta(t_{r}z_{j}z_{k})}$.
$\theta(x)$ :=(xx)\infty \infty (q/x)\infty . $\varphi(z)$ (C n ,




\mbox{\boldmath $\varphi$}, $z\rangle\rangle$ . z\in (C n \mbox{\boldmath $\varphi$}, $z\rangle\rangle$




23 $BC_{n}$ \mbox{\boldmath $\varphi$}, $z\rangle\rangle$ $z$ $(s, l)$
, .
$BC_{n}$ , $(s, \ell)=(1,1)$ or $(n, 0)$ . ,
$BC_{2}$ , $(s, P)=(\mathrm{O}, 2)$ or $(-1,3),$ $BC_{3}$ , $(s, \ell)=(-1,2)$ .
1, $z\rangle\rangle$ (van $\mathrm{D}\mathrm{i}\mathrm{e}\mathrm{j}\mathrm{e}\mathrm{n}[10]$ , $\mathrm{G}\mathrm{u}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{f}\mathrm{s}\mathrm{o}\mathrm{n}[12]$ ):
$BC_{n}$ $(s, \ell)=(1,1)$ ,
$\langle\langle 1, z\rangle\rangle$ $=$ $(1-q)^{n}(q)_{\infty}^{n} \prod_{i=1}^{n}\frac{(qti)_{\infty}}{(qt1)_{\infty}}=\frac{\prod_{1<\dot{o}<k\leq 4}(qt^{-(n-i)}a_{j}^{-1}a_{k}^{-1})_{\infty}}{(qt^{-(n+i-2\rangle}a_{1}^{-1}a_{2}^{-1}a_{3}^{-1}a_{4}^{-1})_{\infty}}$ , (1)
$BC_{n}$ $(s, l)=(n, 0)$ ,
$\langle\langle 1, z\rangle\rangle$ $=$ $(1-q)^{n} \frac{(q)_{\infty}^{n}\prod_{1\leq i<j\leq 2n+2}(qa_{i}^{-1}a_{j}^{-1})_{\infty}}{(qa_{1}^{-1}a_{2}^{-1}\ldots a_{2n+2}^{-1})_{\infty}}$ . (2)




$r\psi r[_{b_{1},b_{2}’}a_{1},a_{2},$ :: $:,’ b_{r}$ ; $q,$$z]a_{r}:= \sum_{\nu=-\infty}^{\infty}\frac{(a_{1})_{v}(a_{2})_{\nu}(a_{r})_{\nu}}{(b_{1})_{\nu}(b_{2})_{v}(b_{r})_{\nu}}:::z^{v}$ .
$q$- $r\psi r$ $a:,$ $b_{i}(i=1,2, \ldots, r)$
[14, Chapter 5]:
well-poised $\Leftrightarrow$ $a_{1}b_{1}=a_{2}b_{2}=\cdots=a_{f}b_{r}$ ,
very-well-poised $\Leftrightarrow$ $a_{1}=-a_{2}=qb_{1}=-qb_{2}$ &well-poised,
very-well-poised-balanced $\Leftrightarrow$ $(a_{3}a_{4}\ldots a_{\mathrm{r}})qz=(\pm a_{1}q^{-1/2})^{r-2}$ &very-weU-poised.
3.1 Bailey very-well-poised $\mathfrak{g}\psi\epsilon$ (1936)






$\sqrt{a}arrow z,$ $barrow a_{1}z,$ $carrow a_{2}z,$ $darrow a_{3}z,$ $earrow a_{4}z$
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$s=1$ $BC_{1}$ :
$\langle\langle 1, z\rangle\rangle=(1-q)\frac{(q)_{\infty}\prod_{1\leq j<k\leq 4}(qa_{j}^{-1}a_{k}^{-1})_{\infty}}{(qa_{1}^{-1}a_{2}^{-1}a_{3}^{-1}a_{4}^{-1})_{\infty}}$ .
$n=1$ (1) (2) .
3.2 Sears-Slater (very-)well-poised $2r\psi 2r$
$2r\psi 2t[_{\sqrt{a},-\sqrt{a},aq/b_{3}}q\sqrt{a},$$-q\sqrt{a},b_{3},.$’




$\cross 2r\psi 2r[_{a_{3}/\sqrt{a}}^{q}a_{3/\sqrt{a},qa_{3}/\sqrt{a},a_{3}b_{3}/a.’ a_{3}b_{2r}/a},$
$=_{a_{3}/\sqrt{a},a_{3}q/b_{3}},’$ : $:\}_{a_{8}q/b_{2r}}$ ; $q,$ $\frac{a^{r-1}q^{r-2}}{b_{3}\cdots b_{2r}}]$
$+\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{m}(a_{3};a_{4}, \ldots, a_{r})$ . $arrow$ – $a_{3}$ $a_{4}$ $a_{r}$
$r-2$
Sears Slater – . $BC_{1}$
, – ,
.
3.1 ( ) $[22, 23]$ $x_{i}\in \mathbb{C}^{*}(i=1,2, \ldots, s)$ $x_{1}/x_{j},x_{\mathrm{t}}x_{j}\not\in\{q^{l} ; l\in \mathbb{Z}\}(i\neq$
. $\varphi(z)$ $\mathbb{C}^{*}$
, $s$ – $BC_{1}$ \mbox{\boldmath $\varphi$}, $z\rangle\rangle$
:
$\langle\langle\varphi, z\rangle\rangle=\sum_{k=1}^{s}\langle\langle\varphi,x_{k}\rangle\rangle\prod_{1\leq j\leq,J\neq k}$. $\frac{\theta(x_{j}z)\theta(x_{j}/z)}{\theta(x_{j}x_{k})\theta(x_{j}/x_{k})}$ . (4)
$\langle\langle$
$\varphi$ , z\sim $a_{i}$ $s$ q-
$[4, 5]$ . $\langle\langle\varphi, z\rangle\rangle$ \mbox{\boldmath $\varphi$}, $x_{i}\rangle\rangle$ $(i=1,2, \ldots, s)$
.
Sears Slater 3.1 $z$ $x_{i}$
. , $r=s+2$ , (3)
$\sqrt{a}arrow z$ , $a_{1+2}arrow x_{1}z(i=1,2, \ldots, s)$ , $b_{1+2}arrow a_{i}z(i=1,2, \ldots, 2s+2)$
, $\varphi\equiv 1$ (4) .
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i) $\varphi\equiv 1$ $\Rightarrow \mathrm{v}\mathrm{e}\mathrm{r}\mathrm{y}- \mathrm{w}\mathrm{e}\mathrm{l}\mathrm{l}$-poised Slater [14, Eq. (5.5.2)],
ii) $\varphi\equiv 1$ $a_{2s+1}=1,$ $a_{2s+2}=-1$ $\Rightarrow \mathrm{w}\mathrm{e}\mathrm{l}\mathrm{l}$-poised Slater [14, Eq. (5.5.1)],
iii) $\varphi\equiv 1$ $x_{i}=a_{i}(i=1,2, \ldots, s)$ $\Rightarrow \mathrm{v}\mathrm{e}\mathrm{r}\mathrm{y}- \mathrm{w}\mathrm{e}\mathrm{l}\mathrm{l}$-poised Slater [14,
Eq. (5.5.4) $]$ ,
iv) $\varphi\equiv 1$ $z=a_{1},$ $x_{i}=a_{i+1}(i=1,2, \ldots, s)$ $\Rightarrow \mathrm{v}\mathrm{e}\mathrm{r}\mathrm{y}- \mathrm{w}\mathrm{e}\mathrm{l}\mathrm{l}$-Poised Sears ,
v) (iv) $a_{2\epsilon+1}=1,$ $a_{2s+2}=-1$ $\Rightarrow \mathrm{w}\mathrm{e}\mathrm{l}\mathrm{l}$-poised Sears [14,
Eq. (4.12.1) $]$ .
Schlosser q-IPD [26] (4) $\varphi$
.
4 $BC_{n}$
$(s,P)=(1,1)$ . $(s, P)=(1,1)$ $BC_{n}$
, Macdonald-Koornwinder [20],
. $(s, P)=(1,1)$ $BC_{n}$ , van Diejen
(1 Balley :
$\langle\langle 1, z\rangle\rangle=(1-q)^{n}(q)_{\infty}^{n}\prod_{:=1}^{n}\frac{(qt;)_{\infty}}{(qt1)_{\infty}}=.\frac{\prod_{1<<k\leq 4}\lrcorner(qt^{-(n-;)}a_{j}^{-1}a_{k}^{-1})_{\infty}}{(qt^{-(n+i-2)}a_{1}^{-1}a_{2}^{-1}a_{3}^{-1}a_{4}^{-1})_{\infty}}$.
. , $C$
. $C$ $q$- . $C$
, $C$
. ,
$B( \alpha, \beta)=\frac{\Gamma(\alpha)\Gamma(\beta)}{\Gamma(\alpha+\beta)}$ (5)
. $\Phi(z)=z^{\alpha-1}(1-z)^{\beta-1}$ , $B( \alpha,\beta)=\int_{0}^{1}\Phi(z)dz$
. (5) 2 $2\not\in^{\backslash }\text{ }$ #\check \check \ni - g $\text{ ^{}-}C*\text{ ^{}\backslash }\text{ }\mathrm{B}^{\mathrm{S}}$ A $\langle \text{ }*\mathrm{L}\text{ }1\mathrm{l}\text{ }$
,
$B( \alpha+1, \beta)=\frac{\alpha}{\alpha+\beta}B(\alpha,\beta)$ , $B( \alpha, \beta+1)=\frac{\beta}{\alpha+\beta}B(\alpha, \beta)$ (6)











$\int_{0\leq z_{1}\leq\ldots\leq z_{n}\leq 1}\prod_{i=1}^{n}z_{i}^{\alpha-1},(1-z_{i})^{\beta-1}\Delta_{S_{n}}(z)^{2\tau}dz_{1}\ldots dz_{n}$
$= \prod_{:=1}^{n}\frac{\Gamma(i\tau)\Gamma(\alpha+(n-i)\tau)\Gamma(\beta+(n-i)\tau)}{\Gamma(\tau)\Gamma(\alpha+\beta+(2n-i-1)\tau)}$.
$(f’., 7^{\sim^{\mathrm{Y}}}. \text{ }\Delta_{s_{n}}(z):=\prod 1<.<k<n(z_{k}-z_{j}))^{1^{\vee}\text{ }\backslash \llcorner}*\text{ ^{}\beta}\mathrm{B}\text{ }\#\mathrm{h}*\text{ }\not\leq\not\in\ovalbox{\tt\small REJECT} \text{ }\epsilon \text{ }\Rightarrow.\text{ }\backslash \text{ }k\text{ }\#\mathrm{h}^{*}*\mathrm{L}\text{ }1)\text{ }[1,25\varpi\Leftrightarrow \text{ }r;\mathrm{T}^{\mathrm{B}}\mathrm{B}\text{ }\epsilon\dot{\mathrm{x}}f’-\cdot(\mathrm{l}987\mathrm{e}\mathrm{t}\mathrm{c}]$
.
$[2])\ovalbox{\tt\small REJECT} \text{ }F\grave{\lambda}$
q-
$S_{q}(\alpha,\beta, \tau;\xi)$ $:=$ $\int_{0}^{\xi\infty}\Phi_{S},.(z)\Delta_{S_{n}}(z)\varpi_{q}\backslash$
’
$\Phi_{S_{n}}(z)$ $:=$ $\prod_{i=1}^{n}z_{i}^{\alpha}\frac{(qz_{1})_{\infty}}{(bz_{i})_{\infty}}.\prod z_{k}^{2\tau}\frac{(qt^{-1}z_{j}/z_{k})_{\infty}}{(tz_{j}/z_{k})_{\infty}}1\leq j<k\leq n$
( $q^{\alpha}=a,$ $q^{\beta}=b,$ $q^{\tau}=t$) , . ,
(6) :
$S_{q}( \alpha+1,\beta, \tau;\xi)=\prod_{i=1}^{n}\frac{t^{i-1}(1-at^{ni})}{(1-abt^{2n-i1})}=s_{q}(\alpha, \beta, \tau;\xi)$.
$S_{q}( \alpha+1, \beta, \tau;\xi)=\int_{0}^{\xi\infty}z_{1}z_{2}\ldots z_{n}\Phi_{S_{n}}(z)\Delta_{S_{n}}(z)\varpi_{q}$ ,
$\int_{0}^{\xi}\infty z_{1}z_{2}\ldots z_{n}\Phi_{S_{n}}(z)\Delta_{S_{n}}(z)\varpi_{q}=\prod_{i=1}^{n}.\frac{t^{1-1}(1-at^{ni})}{(1-abt^{2n-i1})}=\int_{0}^{\xi\infty}\Phi_{S_{n}}(z)\Delta_{S_{n}}(z)\varpi_{q}$ (7)
, . $n$ $z_{1}z_{2}\ldots z_{n}$ $0$
1 , (7)
.
4.1 (Aomoto, $1994\rangle$ $e_{i}(z)$ $i$ .






$a_{1}$ $q$ $a_{1}arrow qa_{1}$ $T_{a_{1}}$ . $BC_{n}$
(6) .
42 $(s, P)=(1,1)$ , $BC_{n}$ 1, z
:




. $e’(z)$ ( ) :
$e_{n}’(z):= \prod_{i=1}^{n}\frac{(a_{1}-z_{1})(1-a_{1}z_{i})}{a_{1}z_{i}}$ .
(9) , 41 .





4.1 $e_{i}’(z)$ ‘ ’ .
:
$e_{0}’(z)$ $=$ 1,
$e_{1}’(z)$ $=\chi_{(1)}(z_{1}, z_{2}, \ldots, z_{n})-\chi_{(1)}(a_{1}, a_{1}t, \ldots, a_{1}t^{n-1})$ ,
$e_{2}’(z)$ $=\chi_{(1^{2})}(z_{1}, z_{2}, \ldots, z_{n})$
$-\chi_{(1\rangle}(_{Z_{1}}, z_{2}, \ldots, z_{n})\chi_{(1)}(a_{1}, a_{1}t, \ldots, a_{1}t^{n-2})$




$e_{n}’(z)$ $=$ $\sum_{j=0}^{n}(-1)^{j}\chi(1^{n-j})(z_{1}, z_{2}, \ldots, z_{n})\chi_{(j)}(a_{1})$ $(= \prod_{i=1}^{n}\frac{(a_{1}-Z;)(1-a_{1}z_{i})}{a_{1}z_{i}})$ .
$\chi_{\lambda}(z_{1}, z_{2}, \ldots, z_{n})$ $C_{n}$ , $\chi_{\lambda}(a_{1}, a_{1}t, \ldots, a_{1}t^{n-i})$
. $i$ $\chi_{\lambda}(a_{1}, a_{1}t, \ldots, a_{1}t^{n-i})$
. 43 [21] .
1. ‘ ’ $e_{1}’.(z)$ $(s,P)=(n, 0)$ $BC_{n}$ G$tafson
(2) . [19] .
2. , ‘ ’ Macdonald-Koomwinder
( ) .
$[9, 11]$ .
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